A theory of spin transport and spin detection in Zeeman-split superconducting films at low temperatures is developed. It is shown that an injection of spin-unpolarized quasiparticles into a Zeeman-split superconductor gives rise to a spin imbalance. The relaxation length of such a spin signal is determined by the energy relaxation length and can be extremely large as compared to the relaxation length of spin-polarized quasiparticles. There can exist two types of signals: due to nonthermalized quasiparticle distribution and due to thermalized overheated electron distribution. They have different decay lengths and can be distinguished by their different dependencies on the applied voltage. The decay length of the nonthermalized signal is determined by the electron-electron scattering rate, renormalized due to superconductivity. The decay length of the thermalized signal is determined by the length on which energy leaves the electronic subsystem and can be very large under special conditions. Applications of the theory to recent experimental data on spin relaxation in Zeeman-split and exchange-split superconductors are discussed. In particular, it can explain the extremely high spin relaxation lengths, experimentally observed in Zeeman-split superconductors, and their growth with the magnetic field and with the applied voltage.
I. INTRODUCTION
The superconducting spintronics now is a very active field of research. It is based on the recent progress in realization of superconductor/ferromagnet heterostructures. One direction of the research activity has been focused on the study of proximity induced triplet superconducting correlations in equilibrium [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . The other direction is to study spin-polarized quasiparticle transport and spin accumulation in superconducting wires [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] . In particular, it is very important to transmit spin signals over mesoscopic length scales.
Usually spin signals are created by injection of spinpolarized quasiparticles into normal or superconducting wire from ferromagnetic leads. It was shown in transport experiments 14, 15, 21 that for Al thin films in the normal state the spin relaxation length λ N is of the order of 400 − 500 nm. It was also measured that the spin relaxation length is reduced upon Al transition into the superconducting state 13 . However, it was demonstrated recently that in Zeemansplit superconducting films the spin signals can be created by injection of unpolarized electrons. Such spin signals can spread over distances of several µm [14] [15] [16] 18 . In these experiments the spin relaxation length exceeds considerably the superconducting coherence length, the normal-state spin relaxation length and the chargeimbalance length. Moreover, the decay length of the spin signal grows with the applied magnetic field, while the charge-imbalance relaxation length only reduces.
The origin of such long-range spin signals has been addressed by several theoretical groups recently. It is known that in the absence of the magnetic or the exchange field (Zeeman splitting of the DOS) and at low temperatures the main mechanisms of the spin relaxation in superconductors are elastic spin flips by magnetic impurities and by spin-orbit interaction 12, 13, [22] [23] [24] . In order to these mechanisms of spin relaxation can work there should be a difference between distribution functions for quasiparticles with opposite spins. It has been shown 25, 26 that for realistic parameters of the films the relaxation length provided by these mechanisms in the Zeeman-split superconducting state does not exceed the normal state relaxation length, which is of the order of 400 − 500 nm in the experimentally investigated films. So, it is unlikely that the experimentally observed long-distance spin relaxation is provided by such elastic spin-flip processes.
Instead, it was proposed [25] [26] [27] that for the observed spin signal a difference between distribution functions for quasiparticles with opposite spins is absent. But the quasiparticle current injected into the superconductor is accompanied by the energy flow that creates a nonequilibrium quasiparticle distribution in it. The role of elastic spin-flip processes is only to rapidly relax the distribution function to the spin-independent value. The observed spin signal is formed by this spin-independent nonequilibrium quasiparticle distribution weighted by the spinsplit DOS. The relaxation length of such a spin signal is the energy relaxation length.
In the framework of this mechanism the shape of the spin signal is well reproduced 25, 26 . However, there is no full and detailed theoretical investigation of the long-range spin signal relaxation so far. In Refs. [27] and [26] the relaxation length was considered as a phenomenological parameter, in Ref. [25] the renormalization of the energy relaxation time due to superconductivity was not taken into account and the overheating of the electron subsystem was neglected.
In the present paper we develop a theory of spin relaxation in Zeeman-split superconducting films at low temperatures and focus on the relaxation mechanisms of the long-range spin signal. It has been reported in the literature 31, 32 that the energy relaxation provided by the electron-electron scattering in Al at low temperatures is faster than the relaxation due to electron-phonon scattering. In this framework we show that the long-range spin signal can be naturally divided into two parts: due to nonthermalized quasiparticle distribution and due to thermalized overheated electron distribution. They can be distinguished by their different dependencies on the applied voltage. The decay length of the nonthermalized signal is determined by the electron-electron scattering rate, renormalized due to superconductivity. It depends crucially on the temperature of the overheated electron subsystem and superconducting gap. The decay length of the thermalized signal is determined by the length on which the injected energy leaves the electronic subsystem. In dependence on the particular sample design it can be determined by an electron-phonon relaxation length or the geometry, that is the distance between the injector and the heat reservoir. In realistic systems this length can be very large.
Applications of the theory to the recent experimental data 14, 16, 18 on spin relaxation in Zeeman-split and exchange-split superconductors are discussed. In particular, it can explain the extremely high spin relaxation lengths, experimentally observed in Zeeman-split superconductors, their growth with the magnetic field and with the applied voltage. It also reproduces the characteristic two-peak shape of the signal, measured for the exchangesplit samples 18 . The paper is organized as follows. In Sec. II we describe the system under consideration and discuss qualitatively the physics of the effect. In Sec. III the developed theoretical approach is formulated. In Sec. IV the results of our calculations are presented, discussed and compared to the experimental data. Our conclusions are given in Sec. V.
II. MODEL AND QUALITATIVE DESCRIPTION OF THE EFFECT
Following the experiments [14] [15] [16] we consider the system depicted in Fig. 1 . It consists of a thin superconducting film (S) overlapped by the injector (I) and detector (D) electrodes. The distance between them is L. Both the injector and the detector are coupled to the film by tunnel contacts. A current is injected into the superconducting film via I. This electrode can be normal or ferromagnetic.
The detector electrode is ferromagnetic. In this case the spin imbalance in the superconductor can be converted into an electric current at the S/D interface. For the tunnel case, considered here, the current I D measured by the detector can be calculated as
where G D = G ↑ + G ↓ is the total conductance of the S/D interface and P D = (G ↑ − G ↓ )/G D is its polarization. µ in the right hand side of Eq. (1) is the shift of quasiparticle chemical potential, determined by the charge imbalance, and the second term in the brackets is proportional to the local nonequilibrium spin accumulation S in the film at the detector point. Further we are interested in large enough L, where the charge imbalance has already relaxed: µ = 0. So, we assume that the electric current at the detector point is proportional to S and focus on this quantity. In the real experimental situation the charge imbalance indeed relaxes much more rapidly than the spin imbalance [14] [15] [16] . Physically, the main source of the low-temperature charge imbalance relaxation is the orbital effect of the applied magnetic field 26, 33 . The magnetic field is applied in plane of the film and is parallel to the ferromagnetic wires. In our study the quantization axis is chosen along the magnetic field. Now we discuss the qualitative physics lying behind these measurements. As it was already mentioned in the introduction, it is desirable to make the spin relaxation length as large as possible. In the absence of the magnetic or the exchange field (Zeeman splitting of the DOS) and at low temperatures the main mechanisms of the spin relaxation in superconductors are elastic spin flips by magnetic impurities and by spin-orbit interaction 12, 13, [22] [23] [24] . The resulting relaxation length is not large: of the order of a few hundreds nanometers for Al. It was also shown experimentally and theoretically that it can be only reduced upon transition into the superconducting state 13, 23, 24 . All the discussed above spin imbalance is caused by the difference in the distribution functions for spin-up and spin-down electrons. Therefore, the length of the corresponding spin relaxation is controlled by the length at which this difference disappears. At first glance, one can think that the Zeeman splitting of the superconducting DOS can greatly enhance the spin relaxation length.
The idea is that in the energy window of the Zeeman splitting elastic spin flips cannot relax the nonequilibrium spin distribution function. This is because the processes are blocked by the absence of available DOS in one of spin subbands [see Fig. 2(a) ]. However, it was obtained 25 that this mechanism does not work (at least for real values of elastic scattering rates). The reason is the following. The true energy gap is from −∆ + h to ∆ − h and is the same for the both spin subbands, where ∆ is the superconducting order parameter in the film and h is the Zeeman field. There are no true energy gap in the energy window of the Zeeman splitting. Due to nonzero elastic scattering rates the DOS is redistributed between the spin subbands there [see Fig. 2(b) ]. Consequently, the elastic flips in the energy window of the Zeeman splitting are not blocked and the fast elastic spin-flip processes cancel the difference between spin-up and spin-down distributions in this energy window, as it is schematically shown in Fig. 2(c) . As a result, the injected spin imbalance (we mean here the difference between the spin up and spin down distribution functions) relaxes in the Zeeman-split superconductor even faster than in the normal metal 25 .
But inspecting Fig. 2 (c) one can suspect that the spin signal is still present in the superconductor in spite of the zero difference between spin-up and spin-down distributions. This is due to the different DOS in the spin subbands. Indeed, the quasiparticle current injected into the superconductor is accompanied by the energy flow that creates a nonequilibrium quasiparticle distribution in it, and the measured long-range spin signals were attributed to this spin-independent nonequilibrium quasiparticle distribution weighted by the spinsplit DOS [25] [26] [27] . Such spin signals can be created even by normal (instead of ferromagnetic) injectors, as it was observed experimentally 16 . For such a spin signal a difference between distribution functions for quasiparticles with opposite spins is absent. The relaxation length of such a spin signal is the energy relaxation length. The role of spin-flip processes is only to rapidly relax the distribution function to the spin-independent value. So, the origin of the measured signal the spinindependent difference between the distribution functions of electrons in the superconductor and in the detector. It simply can be converted into the spin signal by the spin-split DOS even if the spin-split DOS exists only near the detector. The long-range spin signal of the discussed type can be naturally divided into two parts according to the nature of this difference: due to nonthermalized quasiparticle distribution and due to thermalized overheated electron distribution. They can be distinguished by their different dependencies on the applied voltage. The first part of the signal is due to nonthermalized electrons. It is always present near the injector, where the injected high-energy electrons cannot be described by the Fermi distribution with a definite temperature. It is shown below that this part of the signal as a function of the injection voltage V I has typical one- peak shape, where the peak is located at V I ≈ ∆−h. The main process providing thermalization is the electronelectron scattering. So, the decay length of this part of signal is determined by the electron-electron scattering rate, renormalized due to superconductivity. The second part of the signal is due to overheating of the injected electrons. It is determined by the difference between the effective electron temperature in the superconductor and in the detector. The typical shape of this signal is directly connected to the dependence of elec-tron overheating temperature on the injection voltage: T e (V I ). In its turn, T e (V I ) is determined by superconducting density of states. That is, it has two steps at V I ≈ ∆ ± h. Correspondingly, the measured nonlocal differential conductance g non = dI D /dV I manifests typical two-peak shape, where peaks are located at these voltages 27 . The two peaks can be clearly observed in the signal if the coherent peaks in the superconducting DOS are well pronounced. It is worth to note here that this contribution can be viewed as a kind of a thermoelectric effect. The other types of giant thermoelectric effect were also predicted 28, 29 and experimentally observed 30 for superconductor/ferromagnet heterostructures . The relaxation length of this thermalized contribution to the signal is controlled by the length, over which the effective electron temperature relaxes to its equilibrium value, that is the energy relaxation length. In dependence on the particular sample design it can be determined by the electron-phonon relaxation length or correspond to the distance between the injector and an equilibrium bulk reservoir. The latter case takes place if the heat leakage into the phonon subsystem can be neglected and the heat transport is controlled by the temperature gradient. Below it is shown that this scenario is more relevant to the existing low-temperature experiments with superconducting Al films. On the other hand, if one excludes the the heat leakage into the reservoir, the resulting relaxation length, controlled by the electron-phonon relaxation rate, can become very large.
The total measured nonlocal conductance has contributions from the both types of signal. Typically it manifests a pronounced peak at V I ≈ ∆ − h, provided by as thermalized, so as nonthermalized electrons. The second peak at V I ≈ ∆ + h is only provided by thermalized electrons. It can be absent if the coherent peaks in the superconducting DOS are smeared enough by various depairing factors (first of all, by the orbital effect of the applied field) or if the electron overheating by the injected current is small, or if the detector is also overheated. It is also obvious that the peaks at V I ≈ ∆ − h and at V I ≈ ∆ + h should have different relaxation lengths. The former relaxes over the electron-electron relaxation length, while the relaxation of the latter is controlled by the length over which the electron subsystem is cooled.
It has been reported in the literature 31,32 that the relaxation provided by the electron-electron scattering in Al at low temperatures is faster than the relaxation due to electron-phonon scattering. According to this reason in the present work we have clear hierarchy of length scales. The smallest length scales are the superconducting coherence length, elastic spin-flip length λ s and charge relaxation length (hundreds of nanometers). The larger scale is the electron-electron scattering length λ e−e , renormalized due to superconductivity, applied magnetic field and electron overheating (it is of the order of several microns). And the largest scale is the length L h over which the electron subsystem is cooled.
The space evolution of the distribution function is
The corresponding DOS, appropriately filled by quasiparticles, is also plotted.
schematically shown in Fig. 3 . The distribution of injected electrons is spin-split [see Fig. 3 (a)]. Also, it is nonthermalized. At distances ∼ λ s it becomes spinindependent, as it is shown in panel (b) of Fig. 3 . Now it is also symmetric over energy because the charge relaxation length has the same order. Further, at distances ∼ λ e−e the distribution is thermalized, as in Fig. 3(c) . Finally, the electrons are cooled at distances ∼ L h , as it is shown in panel (d).
Due to this hierarchy the second peak at V I ≈ ∆ + h decays at larger distances than the first peak at V I ≈ ∆− h. This conclusion is in agreement with the experimental results 18 .
III. THEORETICAL APPROACH
A. basic equations
As it was already mentioned above, we focus on the nonequilibrium spin accumulation S. This quantity can be written in terms of the Keldysh quasiclassical Green
, where τ i and σ i are Pauli matrices in the particle-hole and spin spaces, respectively.ǧ K is the Keldysh component (4 × 4 matrix) of the quasiclassical Green's functioň
, whereǧ R(A) are retarded and advanced
Green's functions.ǧ K eq means the value of the Keldysh component in equilibrium. We assume the superconductor to be in the diffusive limit, so the matrixǧ obeys the Usadel equation
, ε is the quasiparticle energy, D is the diffusion constant, and h = µ B H +h int (H) is the Zeeman field. Here we assume that there are two sources of the Zeeman field in the film: the first contribution is caused by the applied magnetic field H and the second contribution is the effective internal exchange field h int (H), which can be induced in the superconducting film if it is fabricated on top of the ferromagnetic insulator. In real experimental situation the internal exchange field depends on the applied magnetic field 18 . In our study we take the simple phenomenological model h int (H) = 0.4∆ 0 tanh[µ B H/0.08∆ 0 ] for this dependence. ∆ 0 is the zero-temperature superconducting order parameter in the absence of the magnetic field and the ferromagnetic insulator. This model corresponds qualitatively to the experimental one 18 , and the exact law h int (H) does not influence qualitatively our results.
∂ y is a matrix in particle-hole space, accounting for the orbital suppression of superconductivity by the magnetic field. For a general matrixǦ in particle-hole space∂ yǦ = ∂ yǦ − (ie/c)(Hx + A 0 ) τ 3 ,Ǧ , where x is the coordinate normal to the film. Eq. (2) should be supplemented by the normalization conditionǧ 2 = 1.
in Eq. (2) describe elastic spin relaxation processes of spin-orbit scattering and exchange interaction with magnetic impurities, respectively. The last termsΣ e−e anď Σ e−ph describe electron-electron and electron-phonon relaxation, respectively.
We assume that the transparencies of the injector and detector interfaces are small, so that up to the leading (zero) order in transparency the retarded, advanced Green's functions and the order parameter take their bulk values. The Green's functions can be represented in the formǧ
It is convenient to use the following θ-parametrization, which satisfies the normalization condition: g R 0,t = (cosh θ + ± cosh θ − )/2 and f R 0,t = (sinh θ + ± sinh θ − )/2. The advanced Green's functions can be found asǧ A = −ǧ R * . We assume that the film thickness in the x direction is smaller than the superconducting coherence length. Then θ ± does not depend on x. Integrating the retarded part of Eq. (2) over the width d of the film along the x-direction, one can obtain from Eq. (2) that θ ± obeys the following equation:
Here the third term describes the orbital depairing of superconductivity. Usually this orbital deparing can be disregarded for thin films in parallel magnetic field. However, it can be estimated that for magnetic fields of the order of 1-2 T, which are applied in experiment, the orbital depairing can even exceed the other depairing factors (spin-orbit and magnetic impurity scattering). So, it cannot be neglected in Eq. (3). ∆ is calculated selfconsistently taking into account its suppression by the applied field, internal exchange field, spin-orbit deparing and deparing by magnetic impurities. The corresponding self-consistency equation is as follows:
Here Λ is the dimensionless coupling constant and ω D is the high energy cut-off. The suppression of the order parameter due to nonequilibrium quasiparticle distribution in the film is not taken into account by Eq. (4) and the distribution function is taken equal to its equilibrium value. As it is shown below, the distribution function in the film can be represented as ϕ(ε) = tanh(ε/2T e ) + δϕ ε . When the transparency of the I/S interface is small, the second term in this expression is of the first order in this transparency and, therefore, can be disregarded up to the leading order. However, the electron overheating temperature is a non-analytic function of the transparency. So, our assumption of the equilibrium distribution function in Eq. (4) is strictly valid only for low enough electron overheating. When the electron overheating rises, Eq. (4) underestimates the suppression of the order parameter.
The termsΣ e−e andΣ e−ph , in principle, also enter Eq. (3) as another depairing factor, but it is neglected because at low temperature it is small as compared to other depairing factors. It is important only for the calculation of the distribution function.
The normalization condition allows to write the Keldysh component asǧ K =ǧ Rφ −φǧ A , whereφ is the distribution function with the following general structure in particle-hole and spin spaces:φ = (1/2)[ϕ
Physically the distribution function ϕ − is responsible for the charge imbalance and ϕ + for the spin imbalance in the system. The components ϕ 0 ± describe the spin-independent part of the quasiparticle distribution, while ϕ t ± accounts for its spin polarization. In the equilibrium ϕ 0,eq + = 2 tanh(ε/2T ) and the other components ofφ are zero. Via the distribution function the nonequilibrium spin accumulation S can be written as follows Here
The collision integrals I σ,e−e and I σ,e−ph in Eqs. (6)- (7) describe electron-electron and electron-phonon relaxation processes, respectively. Kinetic equations Eqs. (6)- (7) shoud be applied by the appropriate boundary conditions at the injector/superconductor interface. These boundary conditions are to be obtained from the general KupriyanovLukichev boundary conditions 35 , generalized for spinfiltering interfaces 36, 37 . In the considered case up to the leading order in the junction transparency we can neglect the superconducting proximity effect in the injector electrode. In this case the spectral function in it has a trivial spin and particle-hole structure:ǧ R,A I = ±τ 3 . Then the boundary conditions take the form
If the injector is biased with respect to the superconductor by the voltage V I , the Keldysh Green's function there takes the formǧ
The tunnel interface between the injector and the superconductor is assumed to be spin-polarized with the conductance matrixǦ = G 0 + G t τ 3 σ 3 . σ s is the conductivity of the superconductor.
In the tunnel limit we consider the injected current polarization is mainly determined by the spin polarization of the tunnel conductance P I = G t /G 0 . While in experiment as ferromagnetic, so as normal injectors were used, for simplicity we consider only normal injectors with P I = 0 in the present work. The results for the ferromagnetic injectors are qualitatively the same, the only difference is that the nonlocal conductance shape disturbs slightly from the purely antisymmetric form 25, 26 . This is in agreement with the experimental results 14, 16 . Boundary conditions for the distribution functions at y = 0 are to be obtained making use of the Keldysh part of Eq.(9). They take the form:
It is worth to note here that, while the distribution functions ϕ + and ϕ − obey the independent kinetic equations, they are coupled by the boundary conditions, if the interface barrier is spin-polarized, as it is seen from Eqs. (10)-
.
As it was already mentioned above, we assume that the elastic spin-flip processes are much faster than the electron-electron and electron-phonon relaxation, that is there is a small parameter τ
is the characteristic scattering rate of the e-e and e-ph relaxation. This assumption is in good agreement with the experimental situation 14, 15 . Under this condition the solution of Eqs. (6)-(7) takes the form
where
). The first term in Eq. (12) describes fast spin relaxation of the distribution function due to elastic spin-flip processes. The second term corresponds to slow e-e and e-ph relaxation to the equilibrium form. This term is spin-independent up to the leading order in the small parameter τ
We would like to stress here the role of the elastic spin flips in the considered problem. Although the corresponding characteristic length is small, the elastic spin flips qualitatively influence the results at any distances from the injector when the electron distribution is nonequilibrium. The point is that the superconducting DOS is spin-dependent. Under this condition the electron-electron and electron-phonon scattering makes the electron distributions for spin up and spin down electrons to be different even if the injected electron distribution is spin-independent. It is the elastic spin flips that average the spins providing the spin-independent electron distribution.
Further we are interested in the slow e-e and e-ph relaxation of this approximately spin-independent distribution function. The next subsection is devoted to the electron-electron collision integral.
B. electron-electron relaxation
Being far from the Stoner instability we neglect the triplet channel for the electron-electron interaction. In this case there are two possible processes allowed: (i) in the initial state quasiparticles have the same spin projections on the quantization axis, which remain unchanged during the collision and (ii) in the initial state quasiparticles have different spin projections, which again remain unchanged during the collision. Each process corresponds to a certain term in the collision integral:
where N σ (ε) is the superconducting DOS normalized to the normal-state DOS N F at the Fermi level. It can be obtained from the retarded part of the Green's function in a standard way. ϕ ε ≡ ϕ 0 + (ε) is the distribution function. It is assumed to be spin-independent here according to the disscussed above. In equilibrium ϕ +,eq (ε) = 2 tanh(ε)/2T .
The two-quasiparticle collision integral can be represented as:
where K p (ω) describes the strength of relaxation due to the corresponding processes. First of all, these quantities do not depend on spin, because they correspond to the singlet processes. Second, K 1 (ω) = K 2 (ω) because we neglect the Fermi-liquid constant corresponding to the triplet interaction channel. In addition, for simplicity we assume that the interaction region is shorter than the mean free path l, so for the collision integral the quasiparticle dynamics can be considered as ballistic. In this case the kernel K does not depend on ω 39 . However, all the results can be generalized for the disordered quasiparticle dynamics as well.
To proceed further we linearize the collision integral with respect to the deviation of the distribution function from its thermalized value δϕ + (ε) = ϕ + (ε) − 2 tanh(ε/2T e ). Here T e ≡ T e (V I , y) > T is the effective temperature of the electronic subsystem. The resulting expressions are as follows:
can be obtained from Eq. (16) by substitution
Our final goal is to calculate the nonlocal conductance g nl = dI D /dV I . For this purpose we only need the derivative dϕ 0 + /dV I , according to Eq. (5). At low injector temperatures the derivative dδϕ ε /dV I can be divided into the singular and regular contributions:
(17) For the singular parts the electron-electron collision integral in the kinetic equation becomes local by energy, or, in other words, it can be treated in the τ −approximation.
The corresponding inverse relaxation time can be found from Eqs. (15)- (16) and takes the form
For a normal metal limit N σ (ε) → 1 and at low temperatures Eq. (18) takes the well-known form τ
e−e = (γ e−e (T c )/T 2 c )ε 2 . In our calculations we assume τ e−e (T c ) = 1ns.
We assume that the contribution of the regular part of the nonthermalized quasiparticle distribution ϕ reg into the nonlocal conductance can be neglected as compared to the contribution of the singular part. In this case the total electron-electron collision integral in Eq. (6) can be treated in the τ -approximation as follows I e−e,σ (ε) = δϕ ε τ e−e,σ (ε) (19) with τ
e−e,σ determined by Eq. (18) . For the considered problem the discussed above assumption of "dominating singular part" can be violated in two cases: (i) for small voltages V I less than the gap value. However, the nonlocal conductance is practically zero in this region due to the absence of nonzero DOS, so this voltage region is not essential; (ii) if the electron temperature T e in the film depends strongly on V I . In this case our τ -approximation can give only qualitative results.
Typical dependence of τ
e−e,σ , determined by Eq. (18), on quasiparticle energy is ∼ ε 2 (like in the normal metal), but this is valid starting from ε ∼ 3ε g , where ε g is the spectral gap. It is natural, because in order for an injected electron to be scattered by an equilibrium electron, the former should have an energy more than 3ε g . For energies less than 3ε g τ −1
e−e,σ decreases exponentially when the temperature goes down.
C. electron overheating and relaxation of the electron temperature
The next our goal is to calculate the electron overheating temperature T e (y). First of all, T e (y = 0) enters Eq. (18) for the inverse electron-electron relaxation time, therefore it affects crucially the relaxation length of the nonthermalized part of the spin signal. Second, the difference T e (y) − T determine the thermal part of the signal.
T e (y) should be calculated from the heat balance equation. This equation can be obtained by multiplying the kinetic equation Eq. (6) by ε and integrating over the quasiparticle energy and over the y-coordinate. The contribution of the electron-electron collision term equals zero because this term conserves the total energy. Then the heat balance equation takes the form
is the heat current at distance y from the injector and Φ I = Φ(y = 0) is the heat current injected at y = 0. This injected heat current can be calculated from the boundary condition Eq. (10). 0 < η < 1 is a dimensionless phenomenological parameter, accounting for the fact that only a fraction of the injected heat travels along the Al strip towards the detector. In case if the system is symmetric with respect to injector point and there is no reverse heat leakage into the injector η = 1/2. The second term in the r.h.s of Eq. (20) describes the heat leakage into the phonon subsystem.
Eq. (20) should be supplied by the boundary condition, which depends on the particular model of electron cooling. One can assume that all the injected heat goes into the phonon subsystem. In this case the boundary condition is T e (y) → T at y → ∞. The other possible realistic situation is that the superconducting strip is attached to a massive reservoir at a distance L h from the injector, so there is a heat current into the reservoir. Also the heat can leak into the detector electrode. Of course, in real setup all these channels of heat leakage contribute, but we assume the transparency of the interface between the film and the detector to be small, so the corresponding heat current can be disregarded.
First of all, we estimate the characteristic length of electron cooling due to electron-phonon relaxation. The corresponding electron-phonon collision integral can be obtained from the general expression in terms of the quasiclassical Green's functions 40 . For our kinetic equation, which is written for the distribution function ϕ + , it takes the form
At distances y ≫ λ e−e , which are of interest for the electron-phonon relaxation, the distribution function is already thermalized: ϕ + ≈ 2 tanh[ε/2T e ]. In principle, the distribution function ϕ − also enters the electronphonon collision integral, but it disappears on the charge relaxation length, which is even much smaller than λ e−e , so it can be omitted in Eq. (22) . In normal state at low temperatures the linearized (with respect to ϕ + − 2 tanh[ε/2T ]) version of Eq. (22) gives well-known answer τ Making use of Eqs. (20), (22) and the boundary condition T e (y) → T at y → ∞ we calculate numerically the corresponding length λ e−ph of electron cooling. It is represented in Fig. 4 versus T e,0 ≡ T e (y = 0). It is seen that due to the superconducting renormalization this length is typically of the order of hundreds of microns. For this reason in our further calculation we consider the other model of electron cooling, where the superconducting strip is attached to a massive reservoir at a distance λ e−e ≪ L h ≪ λ e−ph from the injector. This model is technically much simpler and allows for neglecting the heat leakage into the phonon subsystem.
In this case one can omit I e−ph term in Eq. (20) and the heat current approximately conserves: Φ(y) = const. Then the electron overheating temperature T e (y) can be obtained from the following equation:
D. calculation of the distribution function
As it was already discussed in Sec. II, the long-range spin signal can be divided into two physically different contributions: due to nonthermalized nonequilibrium quasiparticles S nth and due to the thermalized overheated quasiparticles S th . The resulting expressions are as follows:
While the contribution S th can be calculated directly from Eq. (25) having at hand the electron overheating temperature T e , in order to obtain S nth one should at first calculate the nonthermalized part of the distribution function δϕ ε . It should be found from the kinetic equations Eqs. (6)- (7), where the electron-phonon relaxation term is omitted and the electron-electron relaxation term is taken in the τ -approximation Eq. (19) . Under these conditions the solution of Eqs. (6)- (7) up to the leading order in the parameter τ
e−e /K takes the form
e−e κ2 Kκ1
e−e = (1/2)(τ
e−e,↑ + τ (26) coincides with the first term in Eq. (12) and describes fast spin relaxation of the distribution function due to elastic spin-flip processes. The second term is of interest now and gives the nonthermalized part of the distribution function. As it was discussed above, its spin part ϕ t + is small and its spin-independent part δϕ ε should be substituted into Eq. (24) .
Constants α and β should be found from the boundary conditions Eqs. (10)- (11) at the injector/superconductor interface. Up to the leading order in τ −1 ε /K and up to the leading order in the I/S interface conductance it takes the form:
It is worth to note that for small energies less than the spectral gap these expressions, obtained up to the first order in the I/S interface conductance, are not enough. The exact expressions should be used in order to obtain quantitatively correct answers. It is straightforward to obtain the corresponding formulas from the boundary conditions Eqs. (10)- (11). We have used the exact expressions in our calculation, but we do not present them here because they are quite cumbersome.
Further, having at hand the spectral functions g R 0,t , obtained from Eq. (3), the electron temperature T e from Eq. (23) and the distribution function δϕ ε = β exp(−λ e−e y), we can calculate the nonequilibrium spin accumulation S from Eqs. (24) and (25) . The results of the calculation are presented in the next section.
IV. RESULTS AND DISCUSSION
We start with a presentation and discussion of the results for nonthermalized contribution to the nonlocal conductance g nth = dS nth /dV I . This quantity vs the injector voltage V I is presented in Figs The results represented in the left and right columns manifest approximately the same degree of the Zeeman splitting of LDOS. But, physically, for the left column this Zeeman splitting is entirely provided by the applied field. So te DOS is strongly smeared by the orbital effect of the magnetic field. For the right column the most part of the splitting is due to the internal exchange, so the peaks are more pronounced. It is important that, in spite of this difference, the shapes of the nonlocal conductance dS nth /dV I exhibit only one peak for the both cases. That is, the Zeeman splitting does not manifest itself in the nonthermalized part of the signal. This is because g nth (V I ) is proportional to (Reg R 0 Reg R t )/(κ 1 λ e−e )| ε=V , as it can be seen from Eqs. (24) and (27) .
Moreover, the shape of the discussed peak practically does not depend on how particularly the nonthermalized quasiparticles are distributed over the energy levels and mainly determined by the bulk properties of the superconductor. This is strictly valid only if one disregards the dependence T e (V I ). If it is not the case, this dependence can essentially disturb the peak shape. Now we discuss the relaxation length of the nonthermalized signal. Due to its characteristic one-peak shape the most informative quantity for this purpose is the conductance peak area. One can plot it as a function of L and extract the corresponding relaxation length, as it was done in the experiment 14 . The corresponding relaxation length vs the applied magnetic field is represented in Fig. 6(a) for ζ = 1. The definition of the parameter ζ and the physical meaning of the other curves in this figure is explained below in the text. The behavior is very similar to the experimentally observed 14, 16 . According to our theory this typical dependence of the relaxation length on the field is due to the renormalization of the electron-electron relaxation time by superconductivity. Because of the superconducting gap the renormalized τ e−e is very sensitive to the value of the effective electron temperature T e . This quantity controls the number of the quasiparticles, which appear above the gap and, consequently, available for collisions. The corresponding dependence of T e on the applied magnetic field is shown in Fig. 6(b) .
In any case T e (V I ) grows monotonically. Further, it is seen that T e decreases upon growing the field at any voltage above the spectral gap. The reason for this decrease can be understood in the following way. When the effective electron temperature is smaller than the spectral gap, the number of equilibrium quasiparticles above the gap should be exponentially small. But, from the other hand, this number is controlled by injection. Consequently, the resulting electron temperature is very sensitive to the gap value. The spectral gap shrinks upon the field grows, so the effective temperature decreases. In addition, when the applied field increases, the characteristic energy, making a larger contribution to the conductance (this energy is ∼ ∆ − h), goes down. This means that the peak in the nonlocal conductance is formed at lower voltages, where T e (V I ) is smaller. These are two reasons for the initial growth of λ e−e on the applied field.
The final drop of λ e−e , seen in Fig. 6(a) , has also been observed experimentally 14, 16 and can be explained by the fact that the superconducting gap is almost fully suppressed by such large enough magnetic fields, what leads to increase of the number of quasiparticles above the gap. In its turn, this results in sharp increase of the electronelectron relaxation.
The other part of the signal g th = dS th /dV I is due the electron temperature difference between the film and the detector. This quantity vs the injector voltage V I is presented in Figs. 5(c) and (d). As it was already discussed in Sec. II, the typical shape of this signal is directly connected to the dependence of electron overheating temperature on the injection voltage. T e (V I ) has two smeared steps at voltages V I ≈ ∆ ± h, corresponding to the split coherence peaks in the superconducting LDOS. This is because the quasiparticle flow into the superconductor grows sharply at these voltages. Correspondingly, the measured nonlocal differential conductance dS th /dV I manifests typical two-peak shape, where peaks are located at these voltages. The two peaks can be clearly observed in the signal if the splitting of the coherent peaks in the superconducting DOS is well pronounced.
It can be expected for some setups that the detector is also heated due to injection. In this case the detected spin signal is still determined by Eq. (5) 
That is, ζ = 0 for the ideally heat-insulated from the superconductor detector, while ζ → 1 corresponds to a very good heat contact between the superconductor and the detector. For example, they both can lie on the shared heat-conducting substrate and have a good heat contact to it. Because dS th /dV I has no one distinguished peak, it is not informative to calculate the peak area. So, it is more reasonable to investigate the relaxation length of the signal for a given injector voltage. The relaxation length of this thermalized contribution to the signal is controlled by the length, over which the effective electron temperature relaxes to its equilibrium value. In dependence on the particular sample design it can be determined by the electron-phonon relaxation length or correspond to the distance between the injector and an equilibrium bulk reservoir. In the framework of our model the heat leakage into the phonon subsystem can be neglected and the heat transport is controlled by the temperature gradient. So, it does not depend crucially on any parameters. However, one can imagine another experimental setup, where the distance between the injector and an equilibrium bulk reservoir is extremely large. In this case the resulting relaxation length of dS th /dV I would be controlled by the electron-phonon relaxation rate. So, it can become very large in this situation, as discussed in Sec. III C.
In general, the total measured nonlocal conductance has contributions from the both types of signal. Typically it manifests a pronounced peak at V I ≈ ∆ − h, provided by as thermalized, so as nonthermalized electrons. The second peak at V I ≈ ∆ + h is only provided by thermalized electrons. The total conductance for ζ = 0 (that is, when the contribution of the thermoelectric effect is maximal) is presented in Fig. 7(b) . The relaxation length of the total conductance dS/dV I at a given V I is plotted in Fig. 7(c) vs V I . The results are only presented for an interval V I starting from the first peak position and ending approximately by the second peak position. For lower and higher voltages we are not able to calculate the relaxation length correctly. This is because at lower voltages our τ -approximation for the electron-electron relaxation works not very well, and for higher voltages T e is too high and the order parameter suppression by this heating should be taken into account in order to obtain the correct relaxation length.
The typical feature is that the relaxation length grows with voltage increase. The reason is the following. At rather small voltages less than ∆ the signal is dominated by the nonthermalized part, so the relaxation length is governed by the electron-electron relaxation. At larger voltages this part of the signal is already suppressed (see Fig. 5 ) and the signal is dominated by the contri- bution from overheating electrons. As it was discussed above, the corresponding length is much larger. So, the growth of the relaxation length upon voltage increase can be viewed as a crossover from electron-electron to electron-phonon dominated relaxation. These finding are in good agreement with the experimental results obtained in Ref. 18 (where the superconducting film was fabricated on top of a ferromagnetic insulator). In this work very similar two-peak nonlocal conductances and dependencies of the relaxation length on voltage were observed.
As it was mentioned above, the situations, where S th is very small or even does not seen, can exist. It can be absent if (i) the electron overheating by the injected current is small or (ii) the detector temperature is close to T e . The possible reasons for the situation (ii) are already discussed above. The total conductance for this situation, modeled by ζ = 0.9, are represented in Fig. 7(a) . The relaxation length of the peak in the total conductance dS/dV I is plotted in Fig. 6(a) vs the applied field for different values of the phenomenological parameter ζ. The calculated dependencies of dS/dV I and the relaxation length vs the magnetic field make us to conclude that the experimental results, obtained in Refs. 14 and 16 in the absence of a ferromagnetic insulator under the film, are in good agreement with our theoretical findings for dominating nonthermalized signal, as if the thermoelectric effect is absent or, at least, very small.
V. CONCLUSIONS
In conclusion, a theory of long-range spin transport and spin relaxation in Zeeman-split superconducting films at low temperatures is developed. It is suggested that the main mechanism, which determines the relaxation length of a nonequilibrium spin signal in the Zeeman-split superconductors is the spin-independent energy relaxation.
The spin signal measured by the detector can be divided into two physically different contributions. The first is due to nonthermalized quasiparticle distribution. Its relaxation length is determined by the electronelectron relaxation, renormalized due to superconductivity and grows upon increase of the applied magnetic field.
The second contribution is due to thermalized overheated electron distribution. It is controlled by the difference between the detector temperature and the temperature of the electronic subsystem in the film. This is a thermoelectric effect. In principle, the value of this contribution can be varied experimentally by adjusting the detector temperature. The decay length of this thermoelectric signal is determined by the length on which energy leaves the electronic subsystem and can be very large under special conditions.
In the framework of our theory the extremely high spin relaxation lengths, experimentally observed in Zeemansplitted superconductors, and their growth with the magnetic field and with the applied voltage have natural explanations.
